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This paper provides a supplement to the paper “Unit Root Test with High-Frequency Data”. It provides a detailed
proof for some of the Lemmas and Remarks.

1. ASYMPTOTICS OF THE DF STATISTIC
The null hypothesis of a unit root is specified as

Yia = Y(i—1)a + OV A€, (ST)

with initial value yy, where o is a constant and g i A4(0,1). The alternative hypothesis is

yia = &+ Poy(i—1)a + Ao€ia, (52)
where o = 1 (1—€%) with 1t and 6 being constant, By = €% and A¢ = "—9 (¢292 —1). The regression model is
specified as follows:

yia = 0+ Byi-1)a+via (S3)

where v;, is the error term. The Dickey-Fuller statistic is
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where & and B represent the OLS estimates of o and 3.
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Proof of Lemma 2.1. (a) Under model (S1),
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given T-1/2 erzl Ejn = wy.
(b) The quantity
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(¢) The quantity
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(d) Note that by squaring equation (S1), subtracting y(i_l)  from both sides, summing over j = 1,...,T, re-organizing

the equation, and multiplying by 7-'/2 we get
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since y3, = W and T, 'L € — 1.

Proof of Lemma 2.2. (a) Use (S2) to obtain
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from Lemma 1(a) of Phillips (1987a), and
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(c) Consider
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(d) By squaring (S2), subtracting y%iil)  from both sides, summing overr =1, ...,

multiplying by 7~1/2
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Proof of Remark 2.2. The DF statistic can be rewritten as
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(1) When 6 > 0, from Wang and Yu (2016), under the DGP of (S2 ) and the double asymptotic scheme,
tg = A(0,1),

= [(B=po) +(Bo-1)]

=15+ (Bo—1)
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(2) Consider the case of 6 < 0. From Wang and Yu (2016), assuming E | A|2+6 < oo for some & > 0, under the DGP
of (S2) and the double asymptotic scheme,

It follows that

DF = (Bo—1)

th = AN (0,1),

Therefore,
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It follows that when 6 < 0
)11/2
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2. ASYMPTOTICS FOR MODELS WITH JUMPS
The null hypothesis of a unit root with jumps is
Yia = Z‘Pk A+ Yi-1a+0VAEn,

and the alternative is

K
yia = 0o+ Y &lfy + Boyi—na + Mogia,
=1

where Zk | Ok ‘A is the jump component, defined in the main paper.

Proof of Lemma 3.1. The null hypothesis (S5) can be rewritten as
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(a) We have
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(b) The quantity
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(¢) The quantity
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The second term, from the proof of Lemma 2.1,
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The third term
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Therefore,
- 2
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(d) By squaring (S5), subtracting y%iq)  from both sides, summing over i = 1,..., T, re-organizing the equation, and

multiplying by T~1/2, we get
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Proof of Lemma 3.2. (a) The alternative model can be rewritten as
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The last term
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The second term
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The fifth term
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